L p geominimal surface area L p mixed geominimal surface area L p affine surface area Affine isoperimetric inequality This paper deals with L p geominimal surface area and its extension to L p mixed geominimal surface area. We give an integral formula of L p geominimal surface area by the p-Petty body and introduce the concept of L p mixed geominimal surface area which is a natural extension of L p geominimal surface area. Some inequalities, such as, analogues of Alexandrov-Fenchel inequalities, Blaschke-Santaló inequalities, and affine isoperimetric inequalities for L p mixed geominimal surface areas are obtained.
Introduction
The geominimal surface area was first introduced by Petty [27] more than three decades ago. Since then this seminal concept and its L p extensions introduced by Lutwak [19, 21] , have been served as bridges connecting affine differential geometry, relative differential geometry and Minkowski geometry. The basic theory concerning geominimal surface area is developed, and a close connection is established between this theory and affine differential geometry in [27] . In [21] , Lutwak demonstrated that there were natural extensions of affine and geominimal surface areas in the Brunn-Minkowski-Firey theory. It motivates extensions of some known inequalities for affine surface area and geominimal surface areas to L p affine surface area and L p geominimal surface areas, respectively. These new inequalities of L p type (p > 1) are stronger than their classical counterparts.
Both affine surface area and geominimal surface area are unimodular affine invariant functionals of convex hypersurfaces. Isoperimetric inequalities for geominimal surface area are closely related to many isoperimetric inequalities for affine surface area and clarify the equality conditions of many of inequalities. The classical affine surface area was introduced by Blaschke in 1923 [1] . The L p affine surface area was first generalized by Lutwak for p > 1 in [21] . Since then, considerable attention has been paid to the L p affine surface area. The L p affine surface area is one important concept and plays crucial roles in L p Brunn-Minkowski theory initialized by Lutwak (cf. [2, 3, 6, 5, 8, 12, 13, 16, [19] [20] [21] [22] [23] 25, 41] ). The L p affine surface area has been further extended to all p ∈ R via geometric interpretations (cf. [26, 32, 35, 37, 38] ). It was witnessed that the L p affine surface area is related closely to the theory of valuation (cf. [15, 16] ), the information theory of convex bodies and the approximation of convex bodies by polytopes (cf. [17, 32] ). Furthermore, the L p affine surface area has been extended to L p mixed affine surface area by its integral expression (cf. [34, 37] ), and to more general mixed affine surface area [38] .
Unlike the L p affine surface area, L p geominimal surface area has no nice integral expression. This leads to a big obstacle on extending the L p geominimal surface area. Recently, Ye [39] introduced the L p geominimal surface area for all −n = p < 1, which extends the classical geominimal surface area (p = 1) by Petty and the L p geominimal surface area (p > 1) by Lutwak. In [39] , Ye extended the L p geominimal surface area by his equivalent formula of the L p affine surface area. Then he obtained some affine isoperimetric inequalities and the Santaló style inequality for all p ∈ R. There are several papers on L p geominimal surface area, see e.g., [19, 21, 39, 40, 42, 43] .
The authors extended the Petty's theory of L p geominimal surface area with the information on the general L p affine surface area to any convex body in [43] . From the Petty's theory for the L p version (see Theorem 3.1), we can know easily that the isoperimetric inequalities for L p geominimal surface area are stronger than the ones for L p affine surface area. We note that all above isoperimetric inequalities are part of the L p Brunn-Minkowski theory which has applications in analysis (cf. [4, 9, 10, 24] ). In general, all these analogue concepts and results can be viewed as parts of the L p valuation theory (cf. [14, 17, 15, 16, 30, 31, [33] [34] [35] [36] ).
In this paper, we provide an integral formula for L p geominimal surface area by p-Petty body (see Proposition 3.1). Moreover, motivated by ideas and results achieved by Lutwak, Yang and Zhang and others in affine geometry, we define the L p mixed geominimal surface area. Then we establish some new L p affine isoperimetric inequalities. Our paper is organized as follows. In Section 2 we provide the necessary background, such as definitions and known results which will be needed. Section 3 includes the basic theory of L p geominimal surface area. In Section 4, we give the integral definition of L p geominimal surface area, and introduce the L p mixed geominimal surface area and prove some important properties, such as affine invariant properties. We also obtain analogues of Alexandrov-Fenchel inequalities, Blaschke-Santaló inequalities, and affine isoperimetric inequalities for L p mixed geominimal surface areas. Finally, we investigate the ith L p mixed geominimal surface areas and obtain analogues of Blaschke-Santaló and affine isoperimetric inequalities in Section 5.
Preliminaries and notions
In this section, we collect some basic well-known facts that we will use in the proofs of our results. For more references about the Brunn-Minkowski theory, see [7] and [28] .
Let K n denote the set of convex bodies, that is, compact, convex subsets with non-empty interiors in R n .
For the set of convex bodies containing the origin in their interior and the set of convex bodies whose centroids lie at the origin, we write K 
where ·, · is the standard inner product on R n . Associated with each
It is easily verified that 
According to definitions of the polar body for convex body, the support function and radial function, it follows that, for
where V (K) denotes the volume of K. There is a polar coordinate formula for volume is
In [20] , Lutwak proved that for each
is absolutely continuous with respect to the surface area S(K, ·) of K, and has Radon-Nikodym derivative
Thus together with formula (2.2), we obtain:
and
The L p Minkowski inequality was given by Lutwak in
With equality for p = 1 if and only if K and L are homothetic, and for p > 1 if and only if K and L are dilates.
Together with the L p Minkowski inequality, an immediate consequence is [21] :
Let GL(n) and SL(n) denote the group of nonsingular linear transformations and special linear transformations, respectively. We write | det(φ)|, φ t and φ −1 for the absolute value of the determinant, the transpose and the inverse of linear transform φ, respectively.
Since V (φK) = | det(φ)|V (K), for all K ∈ K n , and φ ∈ GL(n), it follows from (2.1) that:
3. L p affine and geominimal surface area
is absolutely continuous with respect to spherical Lebesgue measure S, and
is just the curvature function of K at u. i.e., the reciprocal of the Gauss curvature G K (x) at this point x ∈ ∂K, the smooth boundary of K, that has u = ν K (x) as its outer normal. By (3.1) and (2.3), we know that
for a convex body K in R n and u ∈ S n−1 .
, with L p curvature functions, respectively. In [21] , Lutwak defined the L p affine surface area as follows:
Associated with L p geominimal surface area, Lutwak [21] proved the following L p affine isoperimetric inequality. 
In [21] , Lutwak defined
The Petty's theory of L p geominimal surface area with the information on the general L p affine surface area was proved by Lutwak [21] . The case p = 1 of inequality (3.4) was proved by Petty [27] for K ∈ F o is proved by Rolf Schneider recently in [29] . The equality condition for (3.4) was only known under the additional assumption that K ∈ F n o . Lutwak proved the inequality (3.4) for K ∈ K n o and p ≥ 1 without the equality condition. In [43] , the authors proved the inequality (3.4) for any convex body K ∈ K n o with the equality condition as follows.
with equality if and only if K ∈ V n p .
Therefore, we may say the isoperimetric inequalities for L p geominimal surface area are stronger than the ones for L p affine surface area by Theorem 3.1. The main tool of the extension of Theorem 3.1 is the following p-Petty body.
For K ∈ K n , there exists a unique point s(K) in the interior of K, called the Santaló point of K, such that
or equivalently, as the unique s(K) ∈ K, such that
Let K n s denote the set of convex bodies having their Santaló point at the origin. Thus, we have
We need the following Lutwak' result, which is the Proposition 3.3 in [21] .
Lemma 3.1. (and Definition.) For each K ∈ K
n o , and p ≥ 1, there exists a unique body
The unique body T p K is called the p-Petty body of K. When p = 1, the subscript will often be suppressed and defined by Petty [27] .
By Lemma 3.1, (2.2) and (3.1), we have the following integral formula of G p (K).
The L p mixed geominimal surface area
Motivated by the definition of L p mixed affine surface area of Lutwak, we now define the L p mixed geominimal surface area, u) . Then, the G p (K 1 , . . . , K n ) can be written as follows:
To prove the L p mixed geominimal surface area is affine invariant, we will need the following propositions.
The SL(n) case of Proposition 4.1 is due to Lutwak [21] . One can easily find the degree of the homogeneous factor follow from SL(n) case.
Proof. From the definition of T p and Proposition 4.1,
By Proposition 2.1, and (2.4),
The uniqueness part of Lemma 3.1 shows that
, which is the desired result. 2
The case φ ∈ SL(n) of Proposition 4.2 is due to Lutwak [21] . The case p = 1 and φ ∈ SL(n) of this proposition is due to Petty [27] .
We now prove that the L p mixed geominimal surface area is affine invariant.
Proof. Since K ∈ F n o , for φ ∈ GL(n) and any u ∈ S n−1 , there exists a unique
. By Lemma 12 in [32] ,
2)
On the other hand,
By formula (3.2), for p ≥ 1, we have
Lemma 10 and its proof in [32] show that
Together with (4.1), we obtain:
By the (4.3), (4.4) and Proposition 4.2, we have
This together with (4.5) yield:
This complete the proof. 2
The classical Alexandrov-Fenchel inequalities for mixed volumes (cf. [17, 28] ) can be written as
The following inequalities are the analogous Alexandrov-Fenchel inequalities for L p mixed geominimal surface area.
Equality holds if the K j are dilates of each other for j = n − m + 1, . . . , n. If m = 1 equality holds trivially.
In particular, if m = n, then
with equality if the K i are dilates of each other.
1 n for i = 0, . . . , m − 1. By Hölder's inequality (cf. [11] )
The equality in Hölder's inequality holds if and only if
Thus, the equality holds if K n−i and K n−j are dilates of each other. 2
n . Then the Minkowski inequality for mixed volume is
with equality if and only if
The analogous Minkowski inequality for dual mixed volume V (K 1 , . . . , K n ), introduced by Lutwak in [18] , is
with equality if and only if K i (1 ≤ i ≤ n) are dilates of one another. Now, we are in the position to prove affine isoperimetric inequalities for L p mixed geominimal surface areas.
n−p n , with equality if the K i are ellipsoids that are dilates of each other. 
Equality holds for the L p isoperimetric inequality 
Since V (B, . . . , B) = V (B), one gets together with (4.9)
n−p n , with equality if the K i are ellipsoids that are dilates of each other.
(iii) Since p > n implies n−p n < 0. Thus
By inequality (4.9) and V (B, . . . , B) = V (B), one gets
The equality condition can get from the equality condition in inequality (4.9) and (4.8).
2
We obtain the following cyclic inequality for the ith L p mixed geominimal surface area. Proof. From definition (5.1) and Hölder's inequality, it follows that for p ≥ 1,
That is,
We obtain the inequality (5.5). According to the condition of equality in Hölder's inequality, the equality holds in (5.5) if and only if for any u ∈ S n−1 ,
is a constant for any u ∈ S n−1 . By the same argument in the proof of Theorem 4.1, we conclude that equality holds if K and L are dilates of each other. 2
Letting L = B in Theorem 5.1 and using (5.2), we immediately obtain:
with equality if K is a ball centered at the origin.
One of the most important inequalities in convex geometry is the Blaschke-Santaló inequality about polar body (cf. [22, 27, 28] ): If K ∈ K n c , then 10) where the equality holds if and only if K is an ellipsoid. Recently, In [8] Haberl and Schuster showed that there is an interesting asymmetric L p version of (5.10).
In [42] , we also proved the following Blaschke-Santaló inequality for the L p geominimal surface area: If K ∈ K n c and 1 ≤ p < n, then 
The Blaschke-Santaló inequality, in conjunction with inequality (5.13), gives the generalized consequence of (5.11): If K ∈ K n c and p ≥ 1, then
with equality if and only if K is an ellipsoid. As the extension of inequality (5.14) we obtain an analogue of Blaschke-Santaló inequality for the ith L p mixed geominimal surface area. 
The equality holds for 0 < i < n if K and L are dilated ellipsoids of each other. The inequality holds as an equality for i = 0
Proof. For 0 < i < n, via (5.7) and (5.14), we obtain
The equality holds if K and L are dilated ellipsoids of each other. For i = 0 (or i = n), from (5.4) and inequality (5.7), the inequality (5.15) is obviously true, and with equality if K (or L) is an ellipsoid. 2
